Tomography and Image Analysis

3D Reconstruction/Volume Fraction
The morphological information from tomographic TEM referenced in the main text is provided in Figures S1, S2, and S3. . Average CNT-CNT spacing and junction distances from tomographic TEM data and reconstructions: (a) Volume rendered reconstruction of representative (0.44 ± 0.01) %V f sample, with typical cross-sectional XZ slice indicated. The centroids of the CNT cross-sections from every XZ slice in the reconstructed volume are obtained by particle analysis on ImageJ and stored along with the slice number. The inter-centroid distances are then calculated using Delaunay triangulation. 1 The angle corrected average centroid distance minus the diameter of the CNTs is taken to be the average inter-CNT spacing () for the sample. (b) Average inter-CNT spacing (, nm) calculated from tomographic reconstructions of aligned CNT composites (■, uncertainties represent one standard deviation in measurements of 3 samples per nanocomposite V f ) and from SEM images of densified forests (•, uncertainties as indicated by Stein et. al. 2, 3 ) versus in situ V f . (c) Representative histograms (binned by Freedman-Diaconis rule) of inter-CNT spacing measured from volumes shown in Figure S1 , fit with log-normal distributions. Figure S3 . A-CNT tortuosity and waviness: (a) Illustration of CNTs with varying degrees of tortuosity (l/d) (b) Tortuosity plotted versus the in situ volume fraction (%). (d) 2D waviness ratio calculated from tomographic reconstruction of A-CNT composites (■, uncertainties represent one standard deviation in measurements of 3 samples per composite V f ) and SEM images of densified forests (•) versus the V f .
Waviness
The 2D CNT waviness in Figure S3d , defined as the ratio of the amplitude to the wavelength of a sinusoidal function of the form (where a is the amplitude) may be ( = /2 ) = obtained from the tortuosity as below.
Although the 2D waviness is in general agreement with those measured from SEM images of asgrown forests (w forest ) in prior work, we find the values measured from polymer infiltrated composites (w composite ) to be much lower (e.g., at 4 vol %, w composite = 0.169 and w forest = 0.283;
w forest at 18 vol % ~ w composite at 0.44% ~ 0.185), 4 further highlighting the need for in situ assessments of the CNT morphology as done here even in a simple and well-controlled PNC fabrication process as used in processing the A-CNTs via RTM6 epoxy infiltration to A-PNCs. We surmise that stresses applied by the epoxy matrix during infiltration (capillary-assisted wetting, or wicking) and curing are responsible for this partial "ironing out" of the waviness. The trends in waviness (w) with V f for the random helical system was found to follow the equation: 
Discussion on alternate sources of thermal conduction in A-PNCs:
We note that the dependence of thermal conductivity on CNT-CNT contact density discussed in the main text may only be true under certain conditions. 10, 11 Computational studies suggest that the thermal boundary resistance (TBR) between a CNT and polymer has to be low (~ 10 -8 to 10 -9 m 2 K/W), particularly in the transverse conduction orientation, compared to the resistance of the matrix. 10 demonstrate a relatively small increase in the transverse conductivity in these systems, we deduce that the CNT-matrix TBRs are indeed relatively low here. While a low TBR is a necessary condition, it is not sufficient. The increasing trend in the thermal conductivity versus N J plot also supposes that the CNT-CNT TBR is comparable to or smaller than the CNT-polymer TBR.
Experimental work finds the area-normalized contact thermal resistance between aligned CNTs to be on the order of 10 -9 m 2 K/W at room temperature, 13 Ensemble measurements on long CNT arrays have shown variations in the CNT alignment and network structure along the height of the array. 14 Furthermore, these studies note that CNTs may fail to traverse the entire thickness of the array, 14 (or to extend to the surface of the polymer) leading to poor engagement with the source and sink. Since these systems lack perfect alignment and likely continuity, the increased clustering with V f also leads to an increased participation of "lost" CNTs in transport phenomena and therefore higher thermal conductivities. From 3D object counting, 15 we find that the volume fraction of the most prominent bundle increases relatively linearly with the V f increase at first, but that the CNTs merge into large clusters (occupying > 40 % of the CNT volume) as the total V f increases beyond 4 % ( Figure S8a-d) . Assuming that, at the theoretical packing limit of 83.45 %, the largest bundle volume fraction equals the total volume fraction, 2 we fit a 4 parameter asymmetric growth function through the plot of V f of most prominent network versus the measured V f ( ) in Figure S8e . This fit (Figure 4f) . We note that this parameter might implicitly account for the effects of CNT contacts.
Another potentially influential factor causing the non-linearity is the improvement in the alignment quality of the CNT arrays with densification. The increase in CNT alignment has been theoretically and experimentally found to decrease CNT-CNT contact resistance due to the increase in contact area going from a cross contact to an aligned contact: CNTs crossing at 90̊
were determined to have 2 orders of magnitude larger resistance than parallel CNTs in contact. 13, 16 The new TEM 3D reconstructions allow us to determine the structure tensors of the individual CNTs, and quantify the distribution around the CNT's mean alignment (regardless of the specimen alignment, Figure S9a-d ). 17 From this data, we find that the degree of alignment improves with increasing V f due to the increased spatial restriction imposed by bundling/clustering. This improvement is shown in the plot of angular dispersion (one standard deviation in the distribution of orientations about the mean) versus in situ V f (Figure S9e ). We observe a steady decrease in dispersion of orientations with increasing V f , suggesting that a higher percentage of contacts are between CNTs crossing at low angles, which could lead to improved transport through CNT junctions. While in the lateral direction this improved alignment is not of particular importance, 12 along the CNT axis the CNT resistance could drop significantly, thereby explaining why anisotropy increases with V f . 
